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Markov Chalin

¥ stochastic processXo, X1, Xa, ...

X, )< state space
time
¥ Markov property(memorylesk
X1 depends only onx,
Pr/Xi+1 =y | Xo=x0,...,Xt1 1 =2z 1, X{ = 2]
=Pr|Xi+1 =y | Xt =2

Markov chain : discrete time discrete space
stochastic process with Markov property.



Transition Matrix

¥ Markov chain Xo, X1, X2, ... | Q

Pr(Xi+1 =y | Xo=20,..., X1 1 = 201 1, Xt = 7]
(time-homogenous)

¥ homogeneitytransition does not depend on time
¥ transition matrixP over Q x Q

(row-)stochastic matrix P1=1

Pr[Xi1 =Y] =  Pr[Xu =V | X, =x]Pr[X; = X]
x! Q)



Transition Matrix

¥ Markov chain Kb, 3! Xp)... ! Q
distribution p'V) (z) = Pr[ X; = 2]

¥ transition matrixP over Q x Q

P(X,y)=Pr[ Xt+1 =y | Xt = X]

p(t'l'l) — p(t)P

P
p(O) !'

Inttial ! distribution!
distribution of X,



0 1 0
P="13 0 23t¢
1/3 13 13



Cconvergence

0 1 0
P="1/3 0 239
1/3 13 13

- 0.2500 0.3750 0.3750
P201 "0.2500 0.3750 0.3750%
0.2500 0.3750 0.3750

I Initial distributionp©:
p(20) — p(O)p20 ! (%, %, %)



Stationary Distribution

Markov chain M = (! ,P)
¥ stationary distributionr :
P =1 (fixed point)
¥ Perron-Frobenius Theorem
¥ stochastic matrix?; P1 =1

¥1 IS also deft eigenvaluef P (eigenvalue af?)

¥ the left eigenvector! P = ! is nonnegative

¥ stationary distribution always exists
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Fundamental Theorem of Markov Chain:

If abniteMarkov chainM = (! ,P) Isrreducibland
aperiodighen! initial distribution ! ©

(ergodic) im 1 © pt =
"

where ! Is auniquestationary distribution satisfyin

TP =m



Irreduclibility

¥yisaccessiblérom x: 777 access

4 < P L S
-- N

I 1, Pt(x,y) > ( ® communicate'®
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¥x communicatesvith y:
¥ x Is accessible from
¥y Is accessible from

¥MC isirreducible all pairs

of states communicate communicating classes



Reducible Chains
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Aperiodicity

¥period of statex:
dy = gcd{t | P'(x,x) > 0O}
¥aperiodicchain: all states have periad

¥period: the gcd of lengths of cycles

X A A A
dy =3

A chain isaperiodidf " x! Q, P(x.x)>0.
(every state has a self-loop)



Fundamental Theorem of Markov Chalin:

If abniteMarkov chainM = (! ,P) Isrreducibland
aperiodighen! initial distribution ! ©

lim | ©pt=1
t!"

where ! Is auniguestationary distribution satisfyin

TP =1

Pniteness = > existence
irreducibility = > uniqueness
ergodicity = > convergence



Fundamental Theorem of Markov Chain:

If a Markov chairM = (! ,P) Isreducibland
ergodicthen! initial distribution ! ¥

lim | ©pt=1
t!"

where ! Is auniguestationary distribution satisfyin

TP =

Pnit chain: aperiodic
ergodic convergent<—

INPNIt chainaperiodic
+
non-null persistent



Random Walk on Graph

undirected graplG(V,E)
¥ uniform randomwalk ! =V

at each step, the current positionis! V:

¥ pick a neighbov of u uniformly at random
¥ move to vertexy;

1 .
Iti | fuv € B
¥ transition matrix: P(u, fu) _ {deg(u) 1T uv

0 it uv € B

irreducible <—> G is connected

aperiodic <Z— > G is non-bipartite



Random Walk on Graph

undirected graplG(V,E)
¥lazyrandomwalk | =V

at each step, the current positionis! V:
¥ (lazy) for probability1/2, do nothing;

¥ else: pick a neighborof « uniformly at
randomandmove to vertexv:

s 1 ifu=v
¥ transition matrix: P(u,v) = , sgkey ifuv! E
$ 0 otherwise

irreducible <—=> G is connected

always aperiodic!



Random Walk on Graph

undirected graplG(V,E)

. if wv € B
¥ uniform random walk P(u,v) = { %@ " *
0 it uv ¢ K
4 1 if u=v
¥lazyrandom walk p(u,v) = i e V! E
0 otherwise
deg(u)

stationary distributionm(u) = 2E

_ | o ' degu) 1  deg)
uniform walk: (! P)v = . ' (U)P(u,v) = ., 2E| degu)  2JE]

lazy walk: p'! = %(| + P) TP =7 |::> | P’ = |




Reversibility

D etailed Balance Equation

ergodic
flow T(X)P(X,y) = 7(y)P(y,x)

time-reversibleMarkov chain:

Ry #, TP Y) = HY)P(Y, X)
stationary distribution:
(IP)y=  TXPXY)=  1YPY.X)=1(y)

X

X
time-reversible  when start from:
PT:XQ:XO!X1:X1! 'Xn:Xn]

:PF:XOZXR! X1 =X,_1! ...1 Xn:XO]




Reversibility

D etailed Balance Equation

ergodic
flow T(X)P(X,y) = 7(y)P(y,x)

time-reversibleMarkov chain:

It xy#1H, TXOP(Xy)=1(y)P(y, Xx)
stationary distribution:
(IP)y= 1(X)PXy)= Py, x)=!(y)

X

X
time-reversible  when start from:



Random Walk on Graph

undirected graplG(V,E)

: It uv € B
¥ uniform random walk P(u,v) = { %@
0 it uv & &
4 1 if u=v
¥lazyrandom walk p(u,v) = i e TV E
0 otherwise

D etailed Balance Equation
m(X)P(X,y) = 7(y)P(y, )

u=v or u" v. detailed balanced equation holds for free

1
u#tv: DBE holdsvhen ! (u) ! B V) | deg(u)




Random Walk on Graph

undirected graplG(V.E)  max-degreeA = max, deg(v)

p 11 €Iy =y
P(u,v) =, 5 if uv" E
5 0 otherwise

D etailed Balance Equation
m(X)P(X,y) = 7w(y)P(y,X)

> ' is uniform




Metropolis Algorithm

¥symmetrictransition matrixQ over state spacez:
O'=0"
0l=1

¥ Goat a Markov chain with stationary distribution

> 10 =1 uniform stationary

Metropolis-Hastings Algorithm
at each step, the current statetd €2:

¥ (proposa) proposey ! Q with probabilityQ(x,y);
¥ (blter) accept the proposal and move towith
probabilitymin{ 1, 7z(y)/m(x)};




¥symmetrictransition matrixQ over state space:

Metropolis-Hastings Algorithm
at each step, the current statetd Q.
¥ (proposa) proposey ! Q with probabilityQ(x.y);

¥ (blter) accept the proposal and move towith
probabilitymin{ 1, s(y)/m(x)};

for xey: P(xy)= Quy)min 1

for x=y: P(x,x)=1!  P(xy)

yE X

D etailed Balance Equation
m(X)P(X,y) = w(y)P(y,X)



Constraint SatisfactionProblem

¥ variables X = {x1, x2, ... , x»}
¥ domain Q, usuallyQ = [¢] for a Pniteg

¥ constraints C = (y, S) wherey: Q$ {0,1} and
scopeS %X Is a subset ot variables

¥ CSPinstance: a set of constraints dePned ¢&h
¥ assignmenb! QX assigns values to variables
¥ a constraintC = (v, S) is satispeif y(os) = 1

¥ CSP solutionan assignmentis a solution to a
CSP Instance If it satisb&sconstraints.



Input : a CSP Instanck
on n variables with domaify];

Sample a uniform random CSP soluti

Metropolis Algorithm

Initially, start with an arbitrary CSP solution;
at each step, the current CSP solutiomts(oy, ..., g,):

¥(proposa) pick a variablé! [n] and value:! [g]
uniformly at random;

¥(I3Iter) accept the proposal and changeto c if it does
not violate any constraint;

detalled
balanced > uniform stationary distribution!
eguation




G(V.E)
Independent set
o! {0,1}V

“uv! E:
NOT o,=0,=1

Initially, start with an arbitrary independent set;
at each step:

¥ (proposa) pick a vertexv ! Vandb! {0,1}
uniformly at random;

¥ (blter) change Os state ta if the it gives an
iIndependent set;




G(V.E)
proper g-coloring
o! [q]"

“uv ! E: 0,70,

Initially, start with an arbitrary propeg-coloring;
at each step:

¥(proposa) pick a vertexv! Vand colorc! [g]
uniformly at random;

¥ (blter) change Os color te if the it gives a
proper coloring;




Glauber Dynamics

Input : a CSP Instanck
on n variables with domaify];

Sample a uniform random CSP solut

Glauber Dynamics

Initially, start with an arbitrary CSP solution;
at each step, the current CSP solutiomts(oy, ..., g,):

¥ pick a variableé! [n] uniformly at random;

¥ change value af; to a uniform value- among all

o,0svailable valuas changings: to ¢ won®t violate
any constraint;

detailed balanced equatim{> uniform stationary distribution!



G(V.E)
Independent set
o! {0,1}V

“uv! E:
NOT o,=0,=1

Glauber Dynamics

Initially, start with an arbitrary independent set;
at each step:
¥ pick a uniform vertex ! V;
¥ changeOs state to a uniform randam {0,1}
if allvOs neighbors have stafe




G(V.E)
proper g-coloring
ol [q]"

uv ! E: o,#£0,

Glauber Dynamics

Initially, start with an arbitrary propeg-coloring;
at each step:
¥ pick a uniform vertex ! V;

¥ changeOs color to a uniform random coler
amongvOs currerdvailable colors




